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We apply a semi-classical method to compute the conformal field theory (CFT) data for the
U(N)xU(N) non-abelian Higgs theory in four minus epsilon dimensions at its complex fixed point.
The theory features more than one coupling and walking dynamics. Given our charge configuration,
we identify a family of corresponding operators and compute their scaling dimensions which
remarkably agree with available results from conventional perturbation theory validating the use of
the state-operator correspondence for a complex CFT.
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INTRODUCTION
Conformal field theory (CFT) tools play a central role in
unveiling the dynamics of quantum field theories (QFT) in
regimes where ordinary (non)perturbative methods are either
inadequate or cumbersome. The approach is to investigate the
dynamics of a desired class of QFT theories by considering
certain CFT limits in their parameter space. Additionally, as
we shall argue below, certain theory sectors can be directly
investigated using semiclassical approximations.
Here we consider the dynamics of the non-abelian U(N) ×
U(N) Higgs theory because it is ubiquitous in the literature due
to its relevance to particle physics and cosmology. This theory
features two marginal couplings in four dimensions that flow
to zero at large distances and it develops a Landau pole at
high energies making it an effective field theory. Removing
the Landau pole is possible only if the couplings vanish along
the entire renormalisation group. Theories such as this one are
known as trivial QFTs. One can, however, embed the current
theory into an asymptotically safe gauge-fermion-scalar theory
like the one constructed in [1]. Here the theory is well defined
at short distances because of the emergence of an interacting
CFT.
In this workwe study the theory in fourminus epsilon space
time dimensions. We first show that in the infrared the model
features two complex conjugated fixed points in the quartic
couplings (complex CFTs) [2] signaling the appearance of a
controllable near-conformal behaviour of the walking type [3–
7]. The latter behaviour has been invoked in the literature for
models of dynamical electroweak symmetry breaking [8–10].
Lattice methods have been employed to establish walking as
summarised in Ref [11]. Another way to discuss walking is via
the emergence of two complex zeros of the beta-function in the
near-conformal phase [3, 12].
We then employ a semiclassical approach to determine the
scaling dimensions of a family of fixed charged operators to the
leading andnext to leading order terms in the charge expansion
but to all-orders in the couplings. Similar investigations ap-
pearedearlier in the literature corresponding to abelianmodels
such as the U(1) scalar φ4 theory [13, 14] and non-abelian ex-
amples such as the O(N) model [15] in four minus epsilon
dimensions, the O(N) model in six minus epsilon dimensions
was studied in [16].
The novelties with respect to earlier results are that here
we deal with non-abelian theories with more than one cou-
pling and that the CFT is complex with an emerging walking
behaviour. For a specific charge configuration we identify a
family of corresponding operators and compute their scaling
dimensions. Remarkably, we find agreementwith available re-
sults stemming fromconventional perturbation theory validat-
ing employing the state-operator correspondence [17, 18] at a
complex CFT. Our findings complement the non-perturbative
large-charge approach employed in [19, 20] to investigate near-
conformal dynamics.
The large-charge limit was introduced recently in [21, 22]
with the first non-supersymmetric four-dimensional applica-
tion to the gauged-Yukawaversionof thismodel at large charge
presented in [23].
The work is organised as follows. We first introduce the
theory and the associated complex CFT, we then introduce
the charge configurations, construct the spectrum of operators
at fixed charge and then analyse the low energy spectrum of
the theory associated with the related charge configuration.
Using the state-operator correspondence at the complex CFT
we determine the ground state energy and associated scaling
dimensions in the charge expansion. Then, combining the
semiclassical approach with ordinary perturbation theory, we
reconstruct the full two loops scaling dimension for the whole
family of fixed-charge operators. Remarkably, we are able to
write it in a form valid for real and complex couplings, encom-
passing the case where both couplings are purely reals and the
theory walks. Finally, we compare our choice of charge config-
uration to the one considered in [23] and show its importance.
2THE U(N) ×U(N) HIGGS MODEL AS COMPLEX CFT
In Euclidean spacetime, theU(N)×U(N) linear sigmamodel
is defined via the bare Lagrangian:
L = Tr(∂µH† ∂µH) + u0Tr(H†H)2 + v0(TrH†H)2 (1)
where H is a N ×N matrix with complex entries, which trans-
forms in the (N, N¯) representationof theU(N)×U(N) symmetry
and can be written in terms of 2N2 real scalar fields:
(H)aα =
φ + iη√
2NF
δaα +
N2−1∑
A=1
(hA + iπA)TAaα (2)
where TAaα are the generalizedGell-Mannmatrices, normalized
as Tr
(
TATB
)
= 1
2
δAB. The N-rescaled couplings of the model
are αh =
uN
(4π)2
and αv =
vN2
(4π)2
and, in terms of these rescaled
couplings, the one-loop beta functions in 4−ǫ dimensions read
βαv = −ǫαv + 4α2v
(
1 +
4
N2
)
+ 16αvαh + 12α
2
h (3)
βαh = − ǫαh +
24
N2
αvαh + 8α
2
h . (4)
The beta functions to five loops have been derived in [24]. For
αh = 0, Lagrangian (1) reduces to the O(2N2) model with the
1-loop fixed point (FP) αO(2N
2)
v =
ǫN2
4(4+N2)
while for αh , 0, two
fixed points at 1-loop emerge and they are:
α∗v = ǫN
2
9 +N
(
−N ± i
√
2N2 − 6
)
8(27 − 8N2 +N4)
α∗h = −ǫN
5N −N3 ± 3i
√
2N2 − 6
8(27 − 8N2 +N4) . (5)
For N >
√
3 they are complex thus defining two complex in-
teracting CFT’s.
To elucidate the impact of the complex CFT on the dynamics
of the model we consider the infinite N limit. Here the single-
trace beta function βαh decouples from the double-trace one.
An interacting fixed point in the infrared occurs for α∗
h
= ǫ/8.
Substituting this value in the beta function for the double-
trace operator one notice that the double-trace beta function
is positive and has a minimum near the origin controlled by
ǫ2. Therefore the running of αv slows near this point, i.e. its
running behaviour is replaced by a walking one. One can also
show that such behaviour persists at finite N.
As we showed in [15], in the O(N) model fixed-charge oper-
ators with the lowest scaling dimension are Q-index traceless
symmetric tensors with classical dimension Q. For Q = 2 and
N > 2 (when representation (2) is irreducible) we obtain the
decomposition of the 2-index traceless symmetric tensor as
O(2N2) = (1,Adj) ⊕ (Adj, 1) ⊕ (Adj,Adj)
⊕
[
( , ∗ ) ⊕ ( , ∗ ) ⊕ c.c.
]
. (6)
We computed the 1-loop scaling dimensions∆1-loop = 2+γ1-loop
for the operators appearing in this decomposition, which are
shown in the table below (with the scaling dimensions for the
representations (1,Adj) and (Adj,1) being identical):
Rep. (Adj, 1) (Adj,Adj) ( , ∗ ) ( , ∗)
Oper. Tr
[
HTaH†
]
Tr
[
TaHTaH†
]
Tr
[
KiHK¯iH
]
Tr
[
LiHL¯iH
]
γ1-loop
4αv
N2
+ 4αh
4αv
N2
4αv
N2
+
4αh
N
4αv
N2
− 4αhN
(7)
where Ki(K¯i) and Li(L¯i) are the Clebsch-Gordan coefficients for
the SU(N) representations ( ∗) and ( ∗) respectively.
The Tr
[
TaHTaH†
]
appeared earlier in [25] and will be used to
test our semiclassical computation. For αh = 0 the operators
have the same scaling dimensions due to the enhanced O(2N2)
symmetry.
CHARGING THE SYSTEM
It would be desirable if we can probe the complex CFT as-
sociated with the complex fixed points by methods that go be-
yond the conventional perturbation theory. In this regard the
semiclassical approach delineated in [13] is well suited, which
extracts the scalingdimensions of the lowest-lyingfixed-charge
operators by virtue of the state operator correspondence [21].
We therefore perform aWeyl map to a cylinder of radius R (i.e.
R
d → R × Sd−1), with the cylinder action given by
Scyl =
∫
ddx
√
g
[
Tr(∂µH
† ∂µH) + u0Tr(H†H)2 + v0(TrH†H)2
+m2Tr(H†H)
]
. (8)
Here g denotes the metric determinant and m2 =
(
d−2
2R
)2
is the
coefficient of the conformal coupling required by Weyl invari-
ance. An operator with scaling dimension ∆ in the CFT corre-
sponds to a state with energyE = ∆/R, which can be computed
from a fixed-charge path integral on the cylinder [13].
Following [23], it is simplest to consider a homogeneous
ground state with the ansatz (with τ being the cylinder time)
H0 (τ) = e
2iMτB , (9)
where M and B are diagonal matrices. For such solutions, the
value of Cartan charges for the SU(N)L × SU(N)R symmetries
are encoded in the traceless charge matrices
QL ≡ −VH˙0H†0 = −2iVMB†B, QR ≡ VH†0H˙0 = 2iVMB†B (10)
with V = Rd−1Ωd−1 being the volume of Sd−1. Note QL + QR =
0 follows as a consequence of our diagonal ansatz solution
Eq. (9). The normalization of the charge matrices is chosen
such that the operator Tr(e21He12H
†), with the N × N constant
matrix epq defined by (epq) jk = δ jpδkq, corresponds to the charge
configuration
QL,1/2 = −QR,1/2 = diag {−1/2, 1/2, 0, · · · , 0} . (11)
A general fixed-charge operatorwith charge configurationQ =
QL = −QR can be constructed as, for example
Tr
[
Π j(τ jHτ
T
jH
†)|y j |
]
. (12)
3Here y j is an integer, determined by first choosing a root basis
β j, j = 1, 2, ...,N − 1, onto which we decompose Q as
Q = Σ j=N−1
j=1
y jhˆβ j , (13)
where hˆβ j ’s are the roots mapped into the Cartan subalgebra
of SU(N) and satisfy the normalization condition Tr(hˆ2β j ) =
1
2
,
τ j = epq for some p, q that depend on j, and should be chosen to
be an element in the root subspace of β j. For a given charge con-
figuration, one may obtain variations of Eq. (12) by changing
the root basis, redistributing the trace operation, or changing
the order of different τ jHτTj H
† factors, giving rise to multiple
operators corresponding to a given charge configuration. In
any case, the operator construction involves a decomposition
equation like Eq. (13). The normalization condition dictates
entries of hˆβ j ’s must be integers or half-integers, and since y j’s
must be integers (see Eq. (12)), we conclude entries of Qmust
be integers or half-integers as well.
The operator identification for a generic charge configura-
tion is complicated and not unique. However, it can be shown
that a special family of charge configurations
QL,J = −QR,J = diag {−J, J, 0, · · · , 0} , (14)
with J being a positive integer or half-integer, corresponds
to a unique fixed-charge operator OJ = Tr[(e21He12H†)2J] with
minimal classical scaling dimension Q = 4J living in the rep-
resentation (ΓJ,ΓJ) of SU(N)L × SU(N)R, with the irreducible
representation ΓJ of SU(N) defined through its Dynkin label
(2J, 0, · · · , 0, 2J). For J = 1/2, ΓJ reduces to the adjoint of SU(N).
The uniqueness is related to the fact that this special family of
charge configurations corresponds to highestweights in tensor
product of the adjoint representations. More detail about op-
erator identification from charge configurations is presented in
appendix.
Motivated by the form of QL,J ,QR,J , we parameterize
the M,B matrices as M = −i diag {µ,−µ, 0, · · · , 0} ,B =
diag {b,b, 0, · · · , 0}, withµ > 0, b > 0. Thenaccording toEq. (10)
we have J = 2Vµb2. The ansatz Eq. (9) with this form of M,B
satisfy the EOMs derived from the cylinder action as long as
2µ2 = (u0 + 2v0)b
2 +
m2
2
, (15)
which fixes µ and b for given J and m.
The fixed-charge path integral is equivalent to an uncon-
strained path integral with an effective action Se f f obtained by
adding appropriate boundary terms resulting in adding 16µ2b2
to Scyl [13] . The action Se f f evaluated on the solution Eq. (9)
gives classical energy. To compute the leading quantum correc-
tion, we expand Se f f around the fixed-charge solution Eq. (9)
to obtain an effective Lagrangian Lquad to quadratic order in
the fluctuation field. The leading quantum correction is then
computed through the functional determinant associated with
Lquad, which is equivalent to a sum of dispersion relations over
all degrees of freedom.
The dispersion relations and their multiplicity can be explic-
itly worked out
ω1 =
√
J2
ℓ
+ 4µ2 4N − 8 d.o.f.
ω2 =
√
J2
ℓ
+ 4(1 − a0)µ2 + a0m2 2 (N − 2)2 d.o.f
ω3,4 =
√
J2
ℓ
+ 4µ2 ∓ 2µ 2N − 3 d.o.f. each
ω5,6 =
√
J2
ℓ
+ 4µ2 + 2
(
4µ2 −m2) a0 ± 2µ one d.o.f. each
ω7,8 =
√
J2
ℓ
+ 12µ2 −m2 ±
√
16µ2p2 +
(
m2 − 12µ2)2
ω9,10 =
(
J2ℓ + (8 + 4a0)µ
2 − a0m2
±
√[
(8 + 4a0)µ2 − a0m2]2 + 16µ2 J2ℓ
) 1
2
,
(16)
where a0 =
u0
u0+2v0
, and J2
ℓ
= ℓ(ℓ + d − 2)/R2 corresponds to the
eigenvalues of the Laplacian on Sd−1. Goldstonemodes appear
as a consequence of symmetry breaking enforced by fixing
the charge. The symmetry breaking pattern can be written as
G0 exp.−→ G1 spont.−→ G2, with
G0 ≡ SU(N)L × SU(N)R ×U(1)A (17)
G1 ≡ SU(N − 2)L × SU(N)R ×U(1)L3 ×U(1)L5 ×U(1)A
G2 ≡ SU(N − 2)L × SU(N − 2)R ×U(1)D3 ×U(1)D5 ×U(1)A6 .
Here SU(N − 2)L denotes the left SU(N − 2) transformations
with generators living in the lower (N − 2)× (N − 2) block, and
the remaining U(1)’s are generated from:
U(1)L3(D3) → diag{1,−1, 0, · · · , 0}L(D) (18)
U(1)L5(D5) → diag{1, 1, 0, · · · , 0}L(D) (19)
U(1)A6 → diag{0, 0, 1, · · · , 1}A , (20)
where subscript L means left transformation, D means the di-
agonal part of left and right transformation (i.e. U(1)L+R), and
finally A means axial part of the left and right transformation
(i.e. U(1)L−R). We omitted the extra vectorial U(1) symme-
try in the breaking pattern analysis above because it acts as a
spectator.
Since Lorentz symmetry is explicitly broken, we expect
both relativistic (Type I) and nonrelativistic (Type II) Gold-
stones [26]. In fact the minus sign solution in ω3,4 corresponds
to 2N−3 Type II Goldstones, while two additional Type I Gold-
stones come from theminus sign solution inω7,8 andω9,10, with
the one in ω7,8 being the conformal mode. When each Type I
Goldstone is counted once and Type II Goldstone twice, the
sum of Goldstone degrees of freedom is 4N − 4 which matches
the number of broken generators at the spontaneous breaking
step, saturating the Nielsen-Chadha bound [26].
SEMICLASSICAL ANALYSIS AND RESULTS
The leading order (LO) ground state energy ELO is obtained
by evaluating the effective actionSe f f on the classical trajectory
4(9) and reads
ELO =
mN
(
48
(
µ
m
)4 − 8 ( µ
m
)2 − 1)
16(αh + αy)
and αy ≡ 2αv/N . (21)
Using the EOM (15) and that J = 2Vµb2, we can express
µ
m in
terms of the parameter J ≡ 2J αh+αyN as
µ
m
=
1
2
3
1
3 + x
2
3
3
2
3 x
1
3
, (22)
where x = 36J + √−3 + 1296J2. The coupling J controls the
transition between the large charge (J ≫ 1) and the pertur-
bative (J ≪ 1) regimes. Our final expression for the leading
contribution to the anomalous dimension ∆LO = RELO is
∆LO =
N
144(αh + αy)

3
1
3
(
3
1
3 + x
2
3
)4
x
4
3
− 2
3
2
3
(
3
1
3 + x
2
3
)2
x
2
3
− 9
 (23)
and, notice that in∆LO weused generic values for the couplings
αh and αy since at LO Lagrangian (1) is Weyl invariant for any
values of the couplings.
We now proceed with the computation of the leading quan-
tum corrections ∆NLO. Its bare expression is given by the fluc-
tuation functional determinant and reads
∆bareNLO =
R
2
∞∑
ℓ=0
nℓ
∑
i
gi(N)ωi(ℓ)
 (24)
where nℓ =
(2ℓ+d−2)Γ(ℓ+d−2)
Γ(ℓ+1)Γ(d−1) is the Laplacian multiplicity on S
d−1.
The inner sum runs over all the dispersion relations ωi com-
puted in (16), each counted with its multiplicity gi(N).
After renormalization, we can express ∆NLO in terms of a
convergent sum which can be computed numerically. Thus,
following the procedure of [13], we arrive at our final expres-
sion for the NLO contribution in the semiclassical expansion
at the fixed points, which reads
∆NLO = ρ +
1
2
∞∑
ℓ=0
R(1 + ℓ)2
∑
i
gi(N)ωi(ℓ)

d=4
+ σ
 . (25)
The functions ρ(J ∗,N, α∗
h
, α∗y) and σ(ℓ,J ∗,N, α∗h, α∗y) are given
in appendix. Our results (23) and (25) resum to all-orders in
the couplingJ the LO and NLO terms in the charge expansion
respectively. We now focus on the perturbative regime at small
J , where the sum of (23) and (25) evaluated at the FPs reads
∆LO + ∆NLO = Q
[
1 +
Q(α∗
h
+ α∗y)
N
(26)
−
2(7 + 2N)α∗
h
2 + (9 + 8N)α∗
h
α∗y + (5 +N
2)α∗y
2
N(α∗y + α∗h)
+ O(J2)

whereQ = 4J is the classical dimension of the operator and for
O(J) term we substituted J = Q α
∗
h
+α∗y
2N
explicitly. We checked
that for α∗
h
= 0 the above results reproduce the anomalous
dimension of the Q-index traceless symmetric O(2N2) tensor
with classical dimension Q. The presence of the couplings at
the denominator in the perturbative expansion is a somewhat
surprising feature of our results which, at first sight, can look
suspicious. Nevertheless, one has to remind oneself that the
above expression is strictly valid only at the fixed points so one
should look at the conformal dimension ∆ as a function of ǫ
and not as a function of the couplings.
Considering the FPs (5), we obtain the scaling dimension at
O(ǫ), which reads
∆ = Q +
−126 + 10N + 34N2 − 2N3 − 4N4 ± i (6 − 2N)
√
2N2 − 6
8(27 − 8N2 +N4) Q +
18 − 5N − 2N2 +N3 ± i (2N − 3)
√
2N2 − 6
8(27 − 8N2 +N4) Q
2
 ǫ + O(ǫ2) . (27)
From the group-theoretical arguments given in the previous
section, this result should correspond to the 1-loop scaling
dimensions for the family of the charged operators OJ =
Tr[(e21He12H
†)Q/2] . Remarkably, for Q = 2 and at 1-loop
this result (Eq. (27)) matches the anomalous dimension of
the bi-adjoint operator Tr
[
TaHTaH†
]
at the fixed point Eq. (5)
shown in table (7). We can combine our semiclassical results
with the knowledge of the 2-loop anomalous dimension for
Tr
[
TaHTaH†
]
[25], to extract the complete 2-loop anomalous
dimension for the whole family. Remarkably, assuming ordi-
nary perturbative power series expansion in both couplings
combined with the constraint that for αh = 0 we reproduce the
known result for the O(2N2) model [15], we can write it in a
form valid beyond the FPs, i.e it holds for any perturbative
values of the couplings. We have
∆2-loops =Q +
Q(Q − 1)αy
N
+
Q(Q − 2)αh
N
−Q
[
2
(
3
N2
− 4
N
− 1
)
α2h + 4
(
2
N2
− 3
N
)
αhαy +
1
2
(
1
N2
− 3
)
α2y
]
+Q2
[
2
(
1
N2
− 2
N
)
α2h + 4
(
3
N2
− 2
N
)
αhαy +
(
3
N2
− 1
)
α2y
]
− 2Q
3(αh + αy)2
N2
, (28)
5where we highlighted in red the term that was not predicted
by our semiclassical result as it is an NNLO in the charge
expansion. It would be interesting to extend this strategy to
higher loops.
The above shows that the semiclassical approach can be suc-
cessfully applied to near-conformal physical theories featuring
complex CFTs.
Before concluding we note that the charge configuration
used so far differs from the one adopted in [23] when investi-
gating the large charge regime of theU(N)×U(N) linear sigma
model embedded in a safe theory. In their case the charge as-
signment reads Q∗L,J = −Q∗R,J = diag{J, · · · , J︸ ︷︷ ︸
N/2
,−J, · · · ,−J︸      ︷︷      ︸
N/2
}. For
such configuration, the classical dimension Q of the corre-
sponding fixed-charge operator satisfies Q = 2JN. As dis-
cussed earlier J must be positive and integer or half-integer
with the minimal value 1/2, thus in this case Q is non-trivially
related to N by the constraint Q ≥ N. As a consequence, for a
given Q, the irreducible representation to which the operator
belongs depends on the value of N, making the identification
of such operators highly non-trivial. For instance, using the
semiclassical method exploited here we have checked that for
Q = 2 and arbitrary N > 2 the corresponding result does not
match any of the operators in table (7), while for N = 2 and ar-
bitrary Q it coincides with Eq.(28). Notice that this is a simple
consequence of the fact that for N = 2 this charge configura-
tion coincides with ours. The bottom line is that one needs to
choose which charge configuration to consider with care when
analyzing the fixed charge sectors of a CFT. We will further
analyze this issue and related ones in a follow-up paper.
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A Operator Identification from Charge Configurations
For simplicity, we confine ourselves to charge configura-
tions that satisfy QL + QR = 0, dictated by the diagonal ansatz
solution, and simply write QL as Q. Q lives in the Cartan sub-
algebra H of SU(N), and its meaning is characterized by the
set of charge eigenvalues associated with a set of orthonormal
basis elements in H . Suppose hˆ is one of the basis elements.
In the self-representation of SU(N) in which hˆ is a traceless di-
agonal N × N matrix, we determine the proper normalization
condition for hˆ as Tr(hˆ2) = 1
2
. For example hˆ j ≡ 12 (e j, j − e j+1, j+1)
for j = 1, 2, ...,N − 1 are normalized elements (although one
should be careful that for adjacent j’s the elements are not or-
thogonal). For any normalized basis element hˆ, the associated
charge eigenvalue qh for a given charge configurationQ can be
computed as
qh = 2Tr(Qh) . (29)
Note only for orthonormal basis elements this is equivalent
to the coefficient extracted from the decomposition of Q onto
basis elements, and different choices of orthonormal basis give
charge eigenvalues that are compatible with each other. The
key relation in fixing all these normalizations is the following
commutation relation in SU(N) Lie algebra:
[hˆ j, epq] =
1
2
(δ jp − δ jq − δ j+1,p + δ j+1,q)epq (30)
for j = 1, 2, ...,N − 1 and p, q = 1, 2, ...,N with p , q. A special
case is
[hˆ j, e j, j+1] = e j, j+1 (31)
when this equation is turned into a commutation relation be-
tween Noether charge and fixed-charge operators constructed
from fields that satisfy canonical commutation relations. The
standard normalization condition introduced above is then im-
plied.
The general method to construct fixed-charge operator
with the minimal classical scaling dimension corresponding
to a given charge configuration starts with building blocks
that have simple definite transformation properties under
SU(N)L × SU(N)R ×U(1)A. Since we are concerned with charge
configurations that satisfyQL+QR = 0, the building block takes
the formTr(τHτTH†) with τ being an element in some root sub-
space of the SU(N) Lie algebra. Obviously, this object lives in
the bi-adjoint representation of SU(N)L × SU(N)R. To build
operators with more fields one replicates the same structure
inside the same trace operation, such as
Tr
[
Π j(τ jHτ
T
jH
†)|y j |
]
. (32)
Here y j is an integer, and τ j = epq for some p, q that depend on
j. More generally, one may choose to redistribute the trace op-
eration (i.e. splitting one single trace to multiple traces), and
changing the order of matrix products for different τ jHτ
T
j
H†
factors, to obtain more operators associated with the same
charge configuration. The value of y j should be determined
from the charge configuration Q. Since we consider opera-
tors with the minimal classical scaling dimension, it suffices to
decompose Q onto a root basis β j, j = 1, 2, ...,N − 1, which in
precise terms mean to consider the decomposition
Q = Σ j=N−1
j=1
y jhˆβ j (33)
where hˆβ j ’s are the roots mapped into H which satisfy the
standardnormalization conditionTr(hˆ2β j) =
1
2
. Note hˆβ j ’s are not
orthogonal, and y j’s do not correspond to charge eigenvalues.
However, by making connection to an arbitrary orthonormal
basis, one may prove that when τ j in Eq. (32) is chosen to be
an element in the root subspace of β j, y j should be determined
from the decomposition in Eq. (33).
For instance, for a class of charge configurations QG =
diag{Q1,−Q1,Q3,−Q3, · · · ,QN−1,−QN−1}, if we choose the root
6basis such that hˆβ j = hˆ j, we find the nonzero y j’s are given by
y1 = 2Q1, y3 = 2Q3, ..., yN−1 = 2QN−1. Since y j’s must be an
integer, this implies Q1,Q3, ...,QN−1 must be integers or half-
integers. This is not surprising since our charge configuration
corresponds to a weight of Lie algebra representation and thus
can only take a discrete set of values.
The number of operators that can be constructed in thisman-
ner grows drastically if we realize that we have the freedom
to change the root basis and redo the decomposition, to redis-
tribute the trace operation and to utilize noncommutativity of
matrix products. In general, we need to change the root basis
in all possible manners to find one or more optimal root ba-
sis that leads to the minimal classical scaling dimension (i.e.
minimizing the sum of |y j|). After the optimal root bases are
found, we need to consider the above-mentioned variations
that all correspond to the same charge configurations. Alge-
braically some of the variations may be identical. Moreover in
general all the operators constructed in this manner only corre-
spond to the same charge configuration, or weight, however it
is not guaranteed that they are already organized into definite
irreducible representations.
Due to these algebraic complications, a complete operator
identification for a generic charge configuration looksquite dif-
ficult. Nevertheless, we found a special family of charge con-
figurations defined by QL,J = −QR,J = diag {−J, J, 0, · · · , 0} lead
to great simplification since one can prove that it corresponds
to a unique fixed-charge operatorOJ = Tr[(e21He12H†)2J] living
in the representation (ΓJ,ΓJ) of SU(N)L × SU(N)R, with the irre-
ducible representation ΓJ of SU(N) defined through its Dynkin
label (2J, 0, · · · , 0, 2J). Any variations either lead to operators
with larger classical scaling dimensions, or lead to the same
operator written in a different form. The uniqueness is related
to the fact that this special family of charge configurations cor-
responds to highest weights in tensor product of the adjoint
representations.
On the other hand, if we consider QF =
diag{J,−J, J,−J, · · · , J,−J} (J > 0) which is the charge con-
figuration used in [23], then it does not correspond to a
unique operator in general. Moreover, according to the
decomposition in Eq. (33), it should correspond to operators
with minimal classical scaling dimension Q = 2NJ. Since the
minimal nonzero value of J is 12 , it implies for this family
of charge configurations Q ≥ N. Only for N = 2, J = 12 ,
QF reduces to Q1/2 which corresponds to the bi-adjoint of
SU(2)L × SU(2)R.
B The functions ρ(J ∗,N, α∗
h
, α∗y) and σ(ℓ,J ∗,N, α∗h, α∗y)
Here we provide explicit expressions for the functions
ρ(J ∗,N, α∗
h
, α∗y) and σ(ℓ,J ∗,N, α∗h, α∗y), which appear in our re-
sult (25) for the NLO contribution to the anomalous dimension
in the semiclassical expansion.
Recalling that α∗y =
2α∗v
N
and that x∗ = 36J ∗ +
√
−3 + 1296J ∗2,
we have
ρ(J ∗,N, α∗h, α∗y) =
1
240
(
α∗
h
+ α∗y
)2
103 α∗h2
−72N2 −
32 31/3N
(
x∗2/3 + 31/3
)4
x∗4/3
−
48 32/3N
(
x∗2/3 + 31/3
)2
x∗2/3
+ 162N
−
(
4 32/3x∗4/3 + 15x∗2/3 + 12 31/3
) (
12 31/3α∗
h
(
2α∗
h
+ α∗y
)
+ 4 32/3x∗4/3α∗
h
(
2α∗
h
+ α∗y
)
+ 3x∗2/3
(
18α∗
h
2 + 5α∗
h
α∗y − 4α∗y2
))
x∗4/3
(
α∗
h
+ α∗y
)2

+
20
3
α∗hα
∗
y
−
(
4 32/3x∗4/3 + 15x∗2/3 + 12 31/3
) (
12 31/3α∗
h
(
2α∗
h
+ α∗y
)
+ 4 32/3x∗4/3α∗
h
(
2α∗
h
+ α∗y
)
+ x∗2/3
(
62α∗
h
2 + 31α∗
h
α∗y − 4α∗y2
))
x∗4/3
(
α∗
h
+ α∗y
)2
−
8 32/3N2
(
x∗2/3 + 31/3
)2
x∗2/3
− 54N2 −
32 31/3N
(
x∗2/3 + 31/3
)4
x∗4/3
−
16 32/3N
(
x∗2/3 + 31/3
)2
x∗2/3
+ 90N
 + α∗y2
10

4
(
x∗2/3 + 31/3
)2
3 31/3x∗2/3
− 1

−
45α∗
h
α∗
h
+ α∗y
− 9α
∗
h
2
(
α∗
h
+ α∗y
)2 − 4 3
2/3
(
x∗2/3 + 31/3
)2 (
8α∗
h
2 + 7α∗
h
α∗y + 2α
∗
y
2
)
x∗2/3
(
α∗
h
+ α∗y
)2 − 18
 +N2
−
40
(
2x∗8/3 + 33x∗2/3 + 11 31/3x∗2 + 6 31/3
)
32/3x∗4/3
− 825



(34)
and
7σ(ℓ,J ∗,N, α∗h, α∗y) =
1
4ℓ
(
α∗
h
+ α∗y
)2
2α∗h2
−4ℓ(ℓ + 1)3N2 − 2N

4
(
x∗2/3 + 31/3
)2
3 31/3x∗2/3
− 1

(2ℓ + 1)2 −
4
(
x∗2/3 + 31/3
)2
3 31/3x∗2/3
 +
(
4 32/3x∗4/3 + 15x∗2/3
+12 31/3
) α∗
h
α∗y
(
3
(
6ℓ2 + 6ℓ + 5
)
x∗2/3 + 4 32/3x∗4/3 + 12 31/3
)
+
(
8 32/3x∗4/3 + 30x∗2/3 + 24 31/3
)
α∗
h
2 + 18ℓ(ℓ + 1)x∗2/3α∗y
2
27x∗4/3
(
α∗
h
+ α∗y
)2

+4α∗hα
∗
y
−ℓ(ℓ + 1)N2
4ℓ(ℓ + 2) +
4
(
x∗2/3 + 31/3
)2
3 31/3x∗2/3
+ 3
 − 2N

4
(
x∗2/3 + 31/3
)2
3 31/3x∗2/3
− 1

2ℓ(ℓ + 1) −
4
(
x∗2/3 + 31/3
)2
3 31/3x∗2/3
+ 1
 +
(
4 32/3x∗4/3 + 15x∗2/3
+12 31/3
) α∗
h
α∗y
(
−3 (2ℓ2 + 2ℓ − 5) x∗2/3 + 4 32/3x∗4/3 + 12 31/3) + 2α∗
h
2
(
−3 (2ℓ2 + 2ℓ − 5) x∗2/3 + 4 32/3x∗4/3 + 12 31/3) + 6ℓ(ℓ + 1)x∗2/3α∗y2
27x∗4/3
(
α∗
h
+ α∗y
)2

+α∗y
2
2

4
(
x∗2/3 + 31/3
)2
3 31/3x∗2/3
− 1

−3α∗h 2ℓ
2 + 2ℓ + 1
α∗
h
+ α∗y
− 3α
∗
h
2
(
α∗
h
+ α∗y
)2 + 4
(
x∗2/3 + 31/3
)2 (
8α∗
h
2 + 7α∗
h
α∗y + 2α
∗
y
2
)
3 31/3x∗2/3
(
α∗
h
+ α∗y
)2 − 2ℓ2 − 2ℓ − 2

−N2
4

4ℓ(ℓ + 1)
(
x∗2/3 + 31/3
)2
3 31/3x∗2/3
+ ℓ(ℓ + 1)(2ℓ(ℓ + 2) + 1) −
4
(
x∗2/3 + 31/3
)4
9 32/3x∗4/3
 +
8
(
x∗2/3 + 31/3
)2
3 31/3x∗2/3
− 1


 . (35)
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